I. INTRODUCTION
Microscopic-level response of superfluid helium has been studied extensively by using electrons and positive ions as sensitive probes. [1] [2] [3] [4] [5] In the presence of an external electric field, dissolved ions drift between the electrodes at a characteristic steady-state velocity that reflects the dissipative response of the liquid. At finite temperatures and sufficiently low electric fields, the drift velocity is observed to be directly proportional to the strength of the applied field. 1 The proportionality constant is called ion mobility, which is typically determined by the viscous response of the liquid. When the steady-state ion velocity is reached, the forces due to viscous drag and the external electric field cancel. Since there is no acceleration, no dissipation due to sound emission can take place. A microscopic description of the dissipative dynamics of impurity ions drifting through liquid 4 He at low temperatures can be obtained from state-of-the-art numerical simulations based on density functional theory (DFT) (for a recent review of DFT methods applied to superfluid 4 He, see Ref. 6 ).
Based on an extended version of this method, where viscous dissipation was added to the hydrodynamic version of the He-DFT equations, the above force balance condition has been used to compute the electron mobility in superfluid helium above 1.4 K temperature. 7 The main contribution to the viscous drag was found to arise from continuous collisions between the ion and thermal rotons. The employed roton continuum approximation was observed to break down below 1.4 K where the mobility is determined by continuous interaction with thermal phonons as well as discrete roton collisions ("roton gas").
In the limit of zero temperature or at sufficiently large electric field strength, the liquid viscous response becomes negligible and the ion may no longer be able to reach the above mentioned steady-state condition. In this case, the ion will accelerate until a certain critical velocity threshold is reached after which the energy is dissipated by the creation of rotons/vorticity/turbulence. 1, 8 Furthermore, loss of energy may also take place by emission of sound during the ion acceleration and deceleration phases, which are usually accompanied by emission of quantized vortex rings. The vortex ring emission and the possible transition to chaotic turbulent motion occurring at higher velocities has been studied previously with moving in the liquid at 0 K as well as the inherent symmetry breaking of the solution due to the emerging instability (see Ref. 10 and references therein). It is well-known, however, that GP theory can at most reproduce the phonon part of the superfluid helium dispersion relation and, consequently, it cannot provide accurate description of the vortex core structure.
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In contrast, the traditional definition of Landau critical velocity relies on the existence of roton minimum in the dispersion relation. 8, 18 Specifically, the flow should become dissipative when the velocity reaches the critical Landau value v L = (p min )/p min = 59 m/s with (p)
being the superfluid dispersion relation expressed as a function of momentum, p. Clearly, a model that does not include description of rotons, would, within the previous reasoning, yield a critical velocity that corresponds to the speed of sound. These observations strongly suggest that the original formulation of the Landau critical velocity that considers roton emission does not directly apply to creation of vorticity. This was, in fact, first recognized After reaching the critical velocity for vortex ring shedding, the associated emission frequency is expected to increase with the flow velocity. Eventually, the system develops complex vortex tangles in the wake of the moving object (i.e., turbulence) where concerted vortex ring size reduction and proliferation take place through reconnection events between crossing vortex lines. Theoretical modeling of turbulence is especially challenging as the resulting dynamics tends to span multiple length scales. In classical liquids, a characteristic feature of turbulence is the appearance of so-called Kolmogorov k −5/3 spectrum, which results from the breakdown of vortex rings (Richardson cascade). 9, 18 Although quantum turbulence appears to be similar to its classical counterpart, some important differences are expected due to the capability of superfluid helium to sustain quantized vorticity. The general features of quantum turbulence have been reviewed elsewhere in the literature.
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In this paper, we apply time-dependent DFT method 6 to model superfluid 4 He flow past spherical heliophobic objects ("bubbles"). In addition to determining the critical velocities for vortex ring emission as a function of the sphere radius and the external pressure, we also briefly characterize the main features of the resulting liquid dynamics (e.g., symmetry breaking). To rationalize the results obtained from the simulations, we show that the onset of vortex ring shedding can be predicted by comparing the energy required to create a vortex ring around the bubble equator and the kinetic energy stored within the boundary layer in front of the bubble. This model may be applied to estimate critical velocities for objects that would otherwise be too large for microscopic calculations. Finally, the present results are compared with previous GP theory-based calculations for the electron bubble 10 and the differences between the DFT and GP models are discussed.
II. THEORY
We model superfluid 4 He at 0 K by time-dependent DFT (TDDFT). 6 Within this approach, the system is described by an energy density functional, which includes both finiterange and non-local terms that are required to describe the T = 0 response of liquid 4 He on theÅngström-scale accurately. The minimization of such functional results in a non-linear time-dependent Schrödinger equation:
where ψ(r, t) is the time-dependent order parameter, m He is the helium atom mass, one particle density is obtained from ρ = |ψ(r, t)| imposes constant velocity rather than constant force employed in previous calculations.
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The latter case would apply, for example, to modeling ion mobilities in the presence of an external electric field whereas our present aim is to characterize the liquid flow as a function of velocity and other system parameters. The GP theory can be obtained as a special case of vortex line obtained by OT-DFT and the two GP models is shown in Fig. 1 . Note that OT-DFT reproduces the known damped density modulations around the vortex core whereas both GP models lack this structure due to the missing roton branch. These modulations can be viewed as a cloud of virtual roton excitations, which are sustained by the phase of the vortex wave function. 33 Furthermore, it has been suggested that these virtual rotons may be converted to real rotons during vortex reconnection events, thus making vortex tangles a source of non-thermal rotons.
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In this work, we employ the basic form of OT-DFT for E c , which excludes the so-called All heliophobic bubbles considered in the simulations were modeled by a spherically symmetric exponentially repulsive potential of the form ("rigid" bubble):
where V 0 = 3.8003 × 10 5 K, a 1 = 1.6245Å −1 , and r m is varied to achieve the desired bubble size. To alleviate numerical noise originating from mapping this potential on the relatively sparse spatial grid, a three point average was employed inside every grid step. For example, setting r m = 10.05Å produces a cavity void of 4 He atoms with a radius of ca. 18.5Å that corresponds roughly to an electron bubble at zero pressure. 41, 42 However, this rigid repulsive potential will clearly not be able to reproduce the compressibility of real electron bubbles at higher pressures. Moreover, the rigid bubble model is expected to predict a critical velocity for vortex ring emission, which is slightly higher than the one predicted for a deformable nonspherical bubble: as the flow velocity increases, a compressible electron bubble may become squeezed along the direction of motion while it expands in the transverse directions.
10,43,44
As a consequence of this change of shape, vortical fluid motion develops around the bubble equator, which promotes the formation and emission of quantized vortex rings.
Since the velocity profile around a vortex line in superfluid helium is inversely proportional to the distance from the vortex center (i.e., 1/R as demonstrated in the inset of Fig. 1 ), the vortex line is irrotational, ∇ × v = 0. For this reason, ∇× operator cannot extract vorticity from the liquid velocity field. Instead, we apply this operator on the liquid current density,
where n is a fixed positive integer. By expressing the 4 He order parameter in the Madelung form: ψ(r, t) = ρ(r, t) exp (iS/ ), the liquid velocity field can be obtained from the as- 
This procedure can identify vortex ring emission events as well as yield the total number of vortex rings emitted if the increase in this quantity is known for a single vortex ring a priori and the possible vortex-vortex interactions and symmetry breaking effects can be neglected.
The drag force on the bubble can be evaluated by two independent equivalent expressions;
first from the bubble-helium pair interaction, V (r):
and, alternatively, from the rate of momentum transfer to the liquid:
Note that Eq. velocity field through:
where the liquid flow is oriented along the x-axis and v 0 = | v| is the moving background velocity (see Eq. (1)).
III. RESULTS
The equilibrium liquid structures around the bubbles studied in this work are summarized in Fig. 3 . Since the interface between the bubble and the liquid has a finite width, care must be taken to specify the bubble radius unambiguously. We compute the bubble radius, R b , from the liquid profile by using the following balance equation for the bubble interface mass distribution:
where R b is called the mass barycenter of the interface. Note, however, that in the presence of bound solvent layers around the bubble (as it occurs, e.g., for positive ions in liquid 4 He), this definition would become ill-defined. In such cases the hydrodynamic added mass given by Eq. (7) becomes a more meaningful measure of the object size (or mass). 47 The R b values for the bubbles employed in this study are indicated in Fig. 3 .
The quantities from Eqs. (4), (5), (6) , and (7) were recorded as a function of time at every 2.5 ps during each simulation after the warm-up period was completed. As an example, these data for a bubble corresponding to r m = 3.17Å are shown in Fig. 4 . The onset of vortex ring emission is visible in the total liquid circulation (periodic steps), the drag force (sudden increase in drag force followed by a drop off and a tailing negative impulse), and the step-wise increases in the hydrodynamic mass that tends to level off in the long-time limit. Although not clearly visible in Fig. 4 , the small aperiodicity present in the oscillatory features is due to correlated multi-vortex ring emission events (e.g., two vortex rings emitted back to back). Farther behind the bubble, the correlated vortex rings tend to leapfrog each other as they move downstream. This is the three-dimensional equivalent of the rotating "vortex dimers" observed previously in 2-D simulations. were carried out using extended spatial grids (512 × 512 × 512 and 1024 × 256 × 256) to determine the possible effect of the periodic boundaries on the system. The critical velocity difference between the standard and extended grids was approximately 1 m/s, which is within the accuracy of v c determination imposed by the periodic grid.
After the critical velocity threshold has been exceeded, the vortex ring emission frequency increases rapidly with the flow velocity and the system quickly becomes unstable (i.e., break- ing of the cylindrical symmetry). In this case, as opposed to the discrete steps seen in the graphs of Fig. 4 , the data from such symmetry broken simulations do not show any systematic structure. Plotting the liquid circulation using Eq. (3), reveals that the discrete vortex ring emission events are still taking place, but the rings no longer form symmetrically around the bubble (see Fig. 6 ). During this time, the total circulation increases approximately monotonically as function of time. Furthermore, complex behavior, such as vortex ring leapfrogging, breaking of vortex rings into smaller rings, and fusion of two vortex rings into larger ones, can also be observed at high velocities (cf. Fig. 6 ). The likely origin of the symmetry breaking (and transition to randomized turbulent-like flow) in our calculations is the presence of a small amount of "numerical noise" that can be thought to play the role of randomized thermal motion.
IV. DISCUSSION
The Gross-Pitaevskii model, despite its shortcomings, is often applied to model superfluid helium. 10,51,52 As GP is known to model only the phonon branch of superfluid helium dispersion relation, it is typically employed with parametrization that matches the speed of sound (GP Model 1 in Fig. 2 ). However, as previous studies have noted, 10 this does not yield results that are in agreement with known ion solvation structures. Therefore, an alternative parametrization, which was inspired by attempting to match the available experimental data, has been used (GP Model 2 in Fig. 2 ). Although GP Model 2 no longer produces the correct speed of sound, it can model the vortex core structure with a reasonable accuracy (see Fig. 1 ). Since vortex ring energetics determines the onset of the emission process, GP Model 2 is expected to reproduce the related experimental quantities with much better accuracy than GP Model 1. However, other phenomena (e.g., dissipation through emission of sound, roton emission) cannot be described correctly by this model. The general features of vortex ring emission obtained from GP Model 2 appear very similar to those observed in the present OT-DFT simulations.
One crucial difference between local GP-based and non-local DFT models (e.g., OT-DFT and the model described in Ref. 53 ) is that the latter can describe the roton branch of the dispersion relation (cf. Fig 2) . Since the early work of Landau, 8 the onset of dissipation in superfluid helium was suggested to be due to the coupling of the moving object to rotons (i.e., roton emission). Accordingly, the Landau critical velocity (v L ) for dissipative motion was defined by the slope of the line that connects the origin and the roton minimum in the dispersion relation (approx. 59 m/s). 8 By coincidence, this value closely matches the critical velocity for vortex ring emission for the electron bubble at zero pressure. 1, 10, 43, 44 However, much lower values (down to few cm/s) are typically seen at larger length scales, 8 which clearly shows that v L must scale with the object size, as was also shown by recent numerical simulations of a moving wire in superfluid 4 He in 2-D geometry. 46 Comparison of our OT-DFT calculations with the previous GP results shows that the same vortex ring emission process can take place in both models, which clearly demonstrates that rotons do not play a major role in the onset of dissipation nor in the existence of the critical velocity. A similar note was also made by Balibar based on the lack of roton excitations in superfluid gases.
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Furthermore, by increasing the external pressure, the value of the critical velocity appears to increase (cf. Fig. 5 ) whereas, at the same time, the roton minimum energy is lowered. This is also in contradiction with the Landau's criterion, according to which the critical velocity is expected to decrease with the decreasing roton gap. Note that the increase in the critical velocity with pressure, as shown in Fig. 5 , has also been observed experimentally for the figure) . Correspondingly, the decrease in the drag force peak is related to the detachment of the vortex ring that is finally accompanied by a small negative drag force due to the vortex-bubble separation and vortex ring shrinking processes. At the times of vortex ring shedding, both the total liquid circulation as well as the hydrodynamic added mass show step-wise increments. All these three quantities can be used to count the vortex shedding events during simulations, provided that the cylindrical symmetry is preserved (i.e., the steps can be identified).
When the flow velocity is close to the critical velocity threshold, fully symmetric smooth vortex ring shedding takes place as shown in the volume plots of Fig. 4 . However, by increasing the velocity by just a few m/s, the cylindrical symmetry is quickly lost and asymmetric vortex rings detach gradually from the bubble as demonstrated in Fig. 6 . These two scenarios are known as the "peeling" and "girdling" mechanisms, correspondingly.
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In the latter case, based on the observed dynamic evolution of the vortex rings in the simulations, periodic excitations (e.g., Kelvin waves) around the rings were responsible for the initial geometric distortions. The flow velocity range, where the cylindrical symmetry was preserved (i.e., vortex peeling), was observed to be wider for small bubbles than for large bubbles. This observation may be related to the fact that the energy spectrum for the excited modes on vortex rings must be discrete due to the presence of the cyclic boundary condition. For larger bubbles the quantized energy levels must be closer to each other and therefore easier to excite, whereas the rings formed around smaller bubbles must overcome a larger energy gap. For circular Kelvin waves, the quantized energy level structure can be estimated based on the known dispersion relation (infinitely long vortex line) as well as the restriction imposed by the cyclic boundary condition:
where circulation Γ = h/m He ≈ 9.97 × 10 −3 cm 2 /s, vortex core parameter a 0 ≈ 10
and k is the wave number (cm −1 ). The latter quantity is quantized due the cyclic boundary condition, which depends on the bubble radius and integer quantum number n = 0, 1, 2, ....
Note that the value of ω above is negative, which reflects the relative direction of liquid rotation. 57 It can be estimated from Eq. (9) that the lowest excitation energy for a vortex ring formed around a bubble with R b = 10Å is 1.4 K whereas for R b = 20Å this is only 0.45 K. Thus it would be more difficult to excite the symmetry breaking modes in smaller bubbles vs. the larger ones. For objects of macroscopic dimensions, the excitation spectrum becomes essentially continuous and the system would therefore be subject to spontaneous symmetry breaking.
To obtain a simple estimate for the onset of vortex ring emission, we consider the ratio between the kinetic energy present in the boundary layer around the bubble (see Fig. 7 ) and the energy required to create a single vortex ring with the same radius as the bubble.
The boundary layer energy can be estimated by:
where v is the fluid velocity field. Note that the actual flow velocity is position dependent, but above we have arbitrarily chosen it to correspond to the equatorial velocity of incompressible laminar flow around a sphere: | v| = approximately incorporated into other model parameters. The helium mass of the boundary layer is given by:
with R b being the bubble radius, the empirical parameter δ = 5a 0 describes the thickness of the boundary layer around the bubble, and ρ 0 is the bulk liquid density (ca. 145 kg/m 3 at zero temperature and pressure). The factor 1/2 in front of Eq. (11) considers only the front part of the bubble with respect to the flow as the backside does not contribute to vortex ring formation. Note that Eq. (11) assumes that the interaction potential between the bubble and the liquid is repulsive such that there is no pronounced solvent layer structure around it (i.e., "slipping" boundary condition). The energy required for creating a single vortex ring with radius R b is:
The boundary layer kinetic energy, E b , and the energy required for creating the vortex ring, E v , should be equal at the critical velocity (v c ):
This condition provides an implicit relationship between v c and the bubble radius R b . Note that the bulk liquid density (ρ 0 ) cancels in this ratio and hence the pressure dependence of v c is solely determined by the variations in the vortex core parameter a 0 , which should decrease when the external pressure increases. This behavior is in agreement with the OT-DFT data shown in Fig. 5 as well as the experimental data described in the literature.
10,21
The relationship between the critical velocity and the sphere radius is non-linear, especially
at small values of R b . Based on the previous suggestion that Re s ∝ vR b and that the vorticity should appear at some characteristic value (Re c ), the critical velocity should scale as v c ∝ Re c /R b . However, this form does not fit the OT-DFT data shown in Fig. 5, but would instead require, e.g., a modified form: v c ∝ Re c /v + C where C is a constant.
Finally, we note that the critical velocity predicted at the radius corresponding approximately to an electron bubble (R ≈ 18.5Å), we obtain a value of ca. 61 m/s, which is slightly larger than that observed experimentally (56 m/s) 21 and those predicted by earlier numerical simulations based on GP Model 2. 10 This small difference is likely due to the missing KC and BF terms in the basic OT-DFT functional employed in this work. These terms only provide a minor contribution to vortex ring energetics and the density modulations around the vortex core. Note also that the "rigid bubble" potential of Eq. (2) partially neglects the possible non-spherical distortions of the bubble induced by the flow which, as discussed previously, may result in early appearance of vortex rings. Considering these minor approximations, the quantitative agreement with the experimental critical value is very good.
V. CONCLUSIONS
We have successfully modeled vortex ring emission by moving spherical heliophobic bubbles in superfluid 4 He at 0 K by TD-DFT. Provided that the cylindrical symmetry is preserved, liquid current circulation, drag force, and hydrodynamic mass were shown to be useful observables for characterizing the underlying liquid dynamics. At high vortex emission rates, the cylindrical symmetry of the system tends to break due to excitation of circular Kelvin wave modes by the unavoidable numerical noise present in the calculations. The complex vortex ring dynamics appearing downstream includes vortex ring fission and reconnection events that are thought to be the basic ingredients of quantum turbulence. Since the onset of dissipation in the present case is due to the formation of quantized vortex rings rather than roton emission, this threshold should be called Feynman critical velocity rather than Landau critical velocity. Our calculations further show that the Feynman threshold is not directly related to the liquid speed of sound, but can rather be rationalized by considering the ratio between the boundary layer kinetic and vortex ring formation energies.
According to this model, the increase in critical velocity as a function of pressure is caused by compression of the vortex core. Although the current calculations only employ an artificial repulsive potential, parameter values that reproduce the correct electron bubble geometry result in a similar critical velocity as observed experimentally.
